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Abstract. Mathematical aspect of contemporary classical and quantum gauge theory are sketched.
In 1954, C.Yang and R.Mills generalized the U(1)-gauge theory of electromagnetism of
W.Pauli to the non-Abelian isospin group SU(2). In 1956, R.Utiyama extended their gauge
scheme to an arbitrary finite-dimensional Lie group, including the Lorentz group. The Yang–
Mills gauge theory provided the universal description of interactions in Lagrangian systems
with symmetries by means of gauge potentials. In 1964-66, P.Higgs suggested the mechanism
of generating a mass of gauge bosons by means of spontaneous symmetry breaking. Being
quantized, the Yang–Mills–Higgs gauge model is successfully applied in high energy physics
in order to describe fundamental (electromagnetic, weak and strong) interactions and their
unification [1]. The Yang–Mills gauge theory also contributes to other branches of physics,
e.g., solid physics [2, 3]. Let us briefly sketch some mathematical aspects of classical and
quantum gauge theory.
Classical gauge theory. In a general setting, any classical field is represented by a section
of a fiber bundle Y → X over a smooth manifold X . Its dynamics is phrased in terms of jet
manifolds J∗Y of Y → X [4]. By gauge transformations are meant bundle automorphisms
of Y → X .
For instance, let P → X be a principal bundle with a structure Lie group G. This is
the case of the Yang–Mills gauge model where gauge potentials are connections on P → X .
Being G-equivariant, they are represented by sections of the affine bundle C = J1P/G.
Gauge transformations are defined as vertical (over IdX) automorphisms of P → X . Their
infinitesimal generators are G-invariant vertical vector fields on P . They make up a Lie
C∞(X)-algebra which is a projective C∞(X)-module of finite rank. Matter fields in the
Yang–Mills gauge theory are represented by sections of a fiber bundle Y → X associated to
P . Spontaneous symmetry breaking takes place if the structure group G of P reduces to a
Lie subgroup H , i.e., P contains a principal subbundle whose structure group is H . There is
one-to-one correspondence between the H-principal subbundles of P and the global sections
of the quotient bundle P/H → X which play the role of classical Higgs fields.
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Let Y → X belong to the category of natural bundles, i.e., any diffeomorphism of the base
X gives rise to an automorphism of Y treated as a gauge (general covariant) transformation.
The structure group of Y is GL(n,R), n = dimX . The associated principal bundle is
the bundle of linear frames in the tangent bundle TX of X . Its structure group GL(n,R)
always reduces to the maximal compact subgroup O(n). The corresponding Higgs field is
a Riemannian metric on X . If X satisfies some topological conditions, the structure group
GL(n,R) also reduces to the Lorentz subgroup. The corresponding Higgs field is a pseudo-
Riemannian metric on X . With a pseudo-Riemannian metric and connections on the linear
frame bundle, we come to metric-affine gravitation theory.
Since gauge potentials are represented by connections on principal bundles, field theory
involves the algebraic topological characteristics [5]. Namely, given aG-principal bundle P →
X , one associates to any invariant polynomial Ik on the Lie algebra of G the characteristic
exterior form P2k(FA) on X expressed in the strength form FA of a principal connection A
on P → X . It is a closed form whose de Rham cohomology class is independent of the choice
of a connection A on P and, thus, is a topological characteristic of P . Furthermore, given
another principal connection A′ on P , the global transgression formula
P2k(FA)−P2k(FA′) = dS2k−1(A,A
′)
defines the secondary characteristic form S2k−1(A,A
′), e.g., the Chern–Simons form. Char-
acteristic forms are the important ingredient in many classical and quantum field models,
e.g., topological field theory [6] and anomalies [7]. Several important characteristics, e.g.,
Donaldson and Seiberg–Witten invariants [8, 9] come from geometry and topology of the
moduli spaces of gauge fields.
The fiber bundle formulation of classical gauge theory has stimulated its numerous ge-
ometric generalizations. Let us mention principal superconnections [10], quantum principle
bundles [11, 12] and non-commutative gauge theory [13].
Odd fields. In order to be quantized, classical gauge theory should be extended to odd
fields and their jets. For this purpose, one usually calls into play fiber bundles over su-
permanifolds [14, 15]. We describe odd variables on a smooth manifold X as generating
elements of the structure ring of a graded manifold whose body is X [16]. This definition
reproduces the heuristic notion of jets of ghosts in the BRST theory [17]. Recall that, by
virtue of Batchelor’s theorem, any graded manifold with a body X is isomorphic to the one
whose structure sheaf AQ is formed by germs of sections of the exterior product ∧Q
∗, where
Q∗ is the dual of some vector bundle Q→ X . In field models, a vector bundle Q is usually
given from the beginning. Therefore, it suffices to consider graded manifolds (X,AQ) where
Batchelor’s isomorphism holds. Accordingly, r-order jets of odd fields are defined as generat-
ing elements of the structure ring of the graded manifold (X,AJrQ) constructed from the jet
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bundle JrQ→ X of Q. Thus, we have a differential bigraded algebra S∗ over C∞(X) whose
local basis consists of even and odd variables si, their jets siλ1...λk and the graded exterior
forms dxλ, dsi, dsiλ1...λk . The algebra S
∗ is split into the variational bicomplex. For instance,
Lagrangians are represented by horizontal densities L = Ldnx.
Gauge transformations. As was mentioned above, infinitesimal gauge transformations
in the Yang–Mills gauge theory make up a Lie C∞(X)-algebra which is a finite projective
C∞(X)-module. In gauge models on natural bundles overX , the gauge algebra is the infinite-
dimensional Lie R-algebra of vector fields onX . There are gauge models where parameters of
gauge transformations depend on field variables, and they make up a certain sh-Lie algebra
[18]. In a general setting, any derivation of the above-mentioned algebra S∗ which preserves
its contact ideal can be treated as an infinitesimal gauge transformation. This is also the case
of BRST transformations. Since the BRST operator is nilpotent, different types of BRST
cohomology are studied [17].
Quantization. The Faddeev–Popov quantization of the Yang–Mills gauge theory in the
framework of the path integration formulation of perturbative quantum field theory is gen-
erally accepted [19]. The action functional in the integrand of the generating functional
contains the gauge fixing term and the term of ghosts which makes this action functional
BRST-invariant. The Batalin–Vilkovisky antifield quantization is applied to a wider class
of gauge systems, e.g., whose gauge algebra is reducible or it closes only on-shell [20, 21].
The BV quantization enables one to construct a BRST-invariant action functional, but does
not automatically provide the path integration measure. In non-perturbative quantum field
theory, the generating functional of Euclidean Green functions of a field algebra modelled
over a nuclear space F can be represented as the Fourier transform of some positive measure
µ on the topological dual F ′ of F [22]. For instance, in the case of a scalar field, F is the
Schwartz space of smooth functions rapidly decreasing at infinity and F ′ is the space of tem-
pered distributions. The problem is that no measure on F ′ can be explicitly written, unless
F is finite-dimensional. Moreover, one usually considers the Sobolev completion of the space
of gauge potentials (irreducible principle connections) which makes it into a Hilbert, but not
nuclear space.
Higgs vacuum. The existence of the Higgs vacuum is confirmed by experiments on the
Weinberg–Salam electroweak interaction. In contrast with the bare Fock vacuum, the Higgs
one possesses non-zero physical characteristics and, thus, can interact with particles and
fields. However, its true physical nature still remains unclear. Somebody thinks of the Higgs
vacuum as being a sui generis condensate. At present, there is no mathematical model of
the Higgs vacuum, unless the fact that measures µ(φ) and µ(φ+const.) on the dual F ′ of an
infinite-dimensional nuclear space are never equivalent. Therefore, the Higgs vacuum seems
to be the most intricate target of contemporary theoretical physics.
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